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Abstract 

We have studied the infinitesimal Baker-Campbell-Hausdorff formula 
up to n = 4 (Math. Appl. 2 (2013), 61-91). In this note we correct some 
errors in our calculation for n = 4 and presents the calculation for n = 5 
by using Mathematica. 


1 Introduction 

We are going to work within synthetic differential geometry, in which a Lie group 
G is a group and a microlinear space at the same time. For synthetic differential 
geometry, the reader is referred to [I] and [3]. Its Lie algebra (i.e., its tangent 
space TeG of G at the identity e € G), usually denoted by g, is endowed with a 
Lie bracket [, ] abiding by antisymmetry and the Jacobi identity. Each element 
A G g is a mapping d € D Xd G G with Xq = e, where 

G = {d G M I = 0} 

We assume that the so-called exponential mapping exp : g —>■ G exists. The 
infinitesimal Baker-Campbell-Hausdorff formula expresses 


exp (di -I- ... -I- d„) X. exp (di + ... + dn) Y 


as 

exp (a Lie polynomial of X and Y) 

where A, F G g and di,..., d„ G U. In [4] we have calculated the infinitesimal 
Baker-Campbell-Hausdorff formula up to n = 4, but the second author [5] found 
out some errors in the calculation for n = 4. 
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This paper is based upon . We correct some errors in the calculation of the 
infinitesimal Baker-Campbell-Hausdorff formula in case of n = 4 in our previous 
paper [3] and we present a calculation of the infinitesimal Baker-Campbell- 
Hausdorff formula in case of n = 5 newly. Both calculations were implemented 
by using Mathematica. 


2 Preliminaries 


The infinitesimal Baker-Campbell-Hausdorff formula for n = 3 goes as follows: 

Theorem 1 (cf. Theorem 7.5 and Theorem 8.3 of m Given X,Y € g and 
di,d 2 ,d^ G D, we have 


exp (di + d 2 + ds) X. exp {di + d 2 + ds) Y 

— 6xp {di d2 da) {X -\- Y) — [di -|- ^2 -|- da) [X, Y] -\- 

— (di -I- d2 -|- da)^ [X — F, [X, F]] 

The tangent space TxQ of g at X G g is naturally identified with g itself. 
That is to say, each F G g gives rise to {d G D X + dY G g) G T^g, which 
yields a bijection between g and T^g. Its left logarithmic derivative (exp) 
and its right logarithmic derivative (exp) are characterized by the following 
formulas: 

exp X + dY = exp X. (d^®^* (exp) (X) (F))^ (1) 

and 

exp X + dY= (d"s“ (exp) {X) (F))^ . exp X (2) 

for any X,Y G g and any d G D. For logarithmic derivatives, the reader is 
referred to §5 of [4] and §38.1 of [2]. We have the following well-known formulas. 

Theorem 2 (cf. Theorem 5.3 and Theorem 5.8 of w Given X G g with 
(adXY'^^ vanishing for some natural number n, we have 

" 1-1F 

d'®^* (exp) (X) = ^ (adX)*’ 


and 


d"®*'* (exp) (X) = 

p—0 


1 

(p-f 1)! 


(adX)P 


We note in passing that 

Proposition 3 (cf. Proposition 5.4 of For any X, F G g with [X, F] van¬ 
ishing, we have 

exp X. exp F = exp X + F 
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The following simple proposition is very useful. 


Proposition 4 (cf. Proposition 4-9 of m For any X £ q and any d £ D, we 
have 

exp dX = Xd 

3 The BCH Formula for n=4 

Theorem 5 

exp (di +d 2 +d 3 + di) X. exp {di + ^2 + da + ^ 4 ) Y 
= exp (di + (^2 + da + d 4 ) {X + T) 

+ 2 + d2 + da + d4)^ [X, Y] 

+ — (di + d2 + da + di)^ [[X, Y] ,Y — X] 

+ ^ (di + d 2 + da + d 4 )" ([X + y, [[X,r] ,x + y]] + [[[x,y] ,x - y] ,x - y]) 

Proof. We have 

exp (di + d 2 + da + d 4 ) X. exp (di + d 2 + da + d 4 ) Y 
= exp (di + d 2 + da) X + d^X. exp (di + d 2 + da) y + d 4 y 
= exp d/^X. exp (di + d 2 + da) X. exp (di + da + da) Y. exp d 4 y 
)By Proposition [3D 
= exp diX. 

exp ^(di + da + da) (X + y) + — (di + da + da) [X, y] + —didada [[X, y], y — X] 
exp d 4 y 

)By Theorem HD (3) 
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By the way, due to Theorem [51 we have 


(exp) 


(di + (i2 + da) (X + Y) + i (di + d2 + da) [5^, Y] 

+^d,d2d3[[x, r],r-x] 


(i") 


- “ 2 ^^ ~ 2 ^^ ”*" 3'^i'^ 2 [h^j [5^, ^]] 

- 2 ^i ^2 [[-^, T], T] — -da [-^j X] + -dida [-^i ^]] + ^dida [^j [5^i ^]] 

- idida [[5^, + Id2d3 [X, [X, F]] + 1^2^ [>", [5^, F]] 

- id 2 da [[5^, F], F] - idid 2 da [5^, [X, [X, F]]] - idid2d3 [5^, [F, [X, F]]] 

+ 2 ^i^ 2 da [X, [[X, F], F]] — -<ii(i 2 da [F, [X, [X, F]]] 

- idid 2 da [1^, r, [5^, F]]] + 1^1^24 [^, [[5^, F], F]] 

+ idid 2 da [[[5r, F], X], F] - idid 2 da [[[X, F], F], F] + F (4) 

Letting 7141 be the right-hand side of (jl]) with the last term F deleted, we 
have 


© 

= exp diX. 

exp ^(di + d 2 + da) {X + Y) + - (di + d 2 + da)^ [X, F] + -did 2 da [[X, F], F — X] 

exp d 4 ( 77,41 + F). exp —d 4774 i 
)By Proposition |3l 
= exp diX. 

exp ^(di + d 2 + da) (X + F) + — (di + d 2 + da) [X, F] + —did 2 da [[X, F], F — X] 

(7741 -I- F)^^ . exp -d4r74i 
)By Proposition m 

- exD dAX exn ( + ^2 + da) (X + F) + i (di + d 2 + dsf [X, F] \ -(IaUa^ 

exp diX. exp +idid 2 da [[X, F], F - X] + d 4 F )' ^ " 


)By 0( 


(5) 
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We let 141 be the result of 7141 by deleting all the terms whose coefficients 
contain did2d^. Then, due to Theorem [ 2 l we have 


rleft ('pYn'l ( (*^1 + ^2 + <^ 3 ) {X + Y) + ^ {di + d2 + [X, Y] 

^ +\did2d:i[[X,Y],Y-X]+d4Y 



= idi [X, T] + id2 [^, T] - ^did2 [X, [X, T]] - ^did2 [y, [^, y]] 

+ \d1d2 [[X, T], y] + ids [^, - ^dida [X, [W, F]] - ^dids [F, [F, F]] 

z z o o 

+ idida [[X, F], F] - ^d2d3 [X, [X, F]] - ^d2d3 [F, [X, F]] 

+ 2^2d3 [[X, F], F] + did2d3 [X, [X, [X, F]]] 

+ did2d3 [X, [F, [X, F]]] - ^did2d3 [X, [[X, F], F]] + did2d3 [F, [F, [X, F]]] 

+ did2d3 [F, [F, [X, F]]] - Jdid2d3 [F, [[X, F], F]] (6) 


Letting 7142 be the right-hand side of (jG]), we have 


m 

= exp d4X. exp 


(di + d 2 + da) (F + F) + i (di + d 2 + da)" [X, F] 
+ 2did2d3 [[W, Y],Y -X] + diY 


exp d 4 n 42 .exp —d 4 n 42 — d 4 n 4 i 
)By Proposition [ 3 D 


= exp d4X. exp 


(di -|- d 2 -f da) (X -f F) -|- i (di -I- d 2 -I- da)^ [X, F] 
Y^did2d3 [[W, F], F — X\ -\- d4Y 


{^ 42 )^^ ■ exp -d4n42 - d4n4i 


)By Proposition UD 

= exp d4X. exp ^ 
exp — d 4 n 42 — d4n4i 


(di -|- d 2 -f da) {X -f F) -|- b (di -I- d 2 -I- da)^ [X, F] 
-|-^did 2 d 3 F], F — X] -{- d4Y Y d474i 


)By (in])( 


(7) 
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We let i42 be the result of —7142 — 7141 by deleting all the terms whose 
coefficients contain did2d3. Then, thanks to Theorem [2 we have 


cleft 


(exp) 


(di + d 2 + da) (X + T) + i (di + d 2 + dsf [X, Y] 
-\-^did 2 d 3 [[W, T], Y — X] + d 4 Y + d 4 i 4 i 


(*42) 


- -^did 2 [X, [X, F]] + -did 2 [F, [X, F]] + -dida [X, [X, F]] 

+ idida [F, [X, F]] + id 2 d 3 [^, [^, [^, >^]] 

- ^did2d3 [^, [^, [^, i^]]] - ^did2d3 [^, [>", [^, b^]]] 

- ^did 2 d 3 [r, [X, [X, F]]] - ^did 2 d 3 [r, [F, [X, F]]] 


Letting 7143 be the right-hand side of 

0 

= exp d4X. exp 


we have 


= exp d4X. exp 


(di -|- ^2 -f ds) {X + Y) + b (di -|- d 2 -l- da) [X, F] 
-|-^did 2 d 3 [[W, F], F — X] Y d4Y -|- d474i 

exp d 4 n 43 .exp —d4n43 — d4n42 — d4n4i 
)By Proposition I3K 

(di + d2 + ds) (X + y) + i {di + d2 + dsf [X, y] 
-\-^did 2 d^ [[-^j ^ y d 4 Y + (^4741 

( 7743 )^^ . exp -d 47743 - d47l42 - d 4774 i 
)By Proposition UK 

= exD dAX exD ( + ^2 + da) {X + Y) + \ (di -I- d 2 -b d^f [X, F] 

P ^ P V +ldid2d3[[W,F],F-X]+d4F + d4i41 + d4i42 

exp —d 47 l 43 — d4n42 — d 4774 i 

)By ®( 


( 8 ) 


(9) 


Since the coefficient of every term in —7743 ~ ^^42 — 7741 contains did2d3, we 
now turn our attention to the left exp d4X. Now, thanks to Theorem [21 we 
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have 


fright ( (d'l +d2 + ds) (X + F) + i {di + d2 + da)^ Y] \ 

^ V +^did2d3 [[X, Y],Y-X] + d4Y + d4*41 + d4*42 ) ^ ’ 

= -idi [X, F] - id2 [^, - ld,d2 [X, [X, F]] - ^d,d2 [F, [X, F]] 

+ idid2 [[X, >"], ^] - \d3 [X, F] - irfida [^, [^, F]] - idida [1^, [^, r]] 

+ irfida [[^, y], ^] - ^d2d3 [^, [^, >"]] - ^d2d3 [i", [^, ^1] 

+ id2d3 [[X, F], X] - idid2d3 [^, [^, [^, i"]]] - ^did2d3 [^, [1^, [^, r]]] 

+ idid2d3 [^, [[^, i"], ^]] - ^did2d3 [1^, [^, [^, i"]]] 

- idid2d3 [5^, [1^, [^,1"]]] + idid2d3 [1^, ,^]] 

- idid2d3 [[^, , [^, i^]] - idid2d3 [[[^, r], X], X] 

Y-^d4d2d3[[[X,Y],Y],X]+X (10) 

We let 77441 be the right-hand side of (HQl) with the last term X deleted. 
Then we have 


m 

= exp —^ 477741 . exp diX + d^niAi. 

f {di + ^2 + da) (X + F) + i (di -|- d 2 -f da) [X, F] \ 
Y +^did 2 d 3 [[X, F], F — X] + d 4 F + d 474 i + d 4742 / 
exp —d47743 — d 47742 — d4774i 
)By Proposition I 3 K 
= exp —d 4 r 774 i. (X + 77741)^^ . 

f + d2 + da) (X + F) + i (di + d2 + da)^ [X, F] \ 
y +^did 2 d 3 [[X, F], F — X] + d^Y Y d^i/n + d 4742 J 

exp —d47743 — d 47742 — d4774i 
)By Proposition UK 


= exp —d 4 77741. 

f (di + d 2 + da + di) (X + F) + i (di -I- d 2 + da) [X, F] 
y +^did2d3 [[X, F], F — X] + d474i + diii2 

exp —d47743 — dini 2 — diUn 

)By cniK 


( 11 ) 
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We let j4i be the result of —m4i by deleting all the terms whose coefficients 
contain did2d3. Then, thanks to Theorem [2 we have 

cright f (di + d2 + d3 + d/Cj {X + Y) + ^ {di + ^2 + [X, Y] \ , 

^ \ +idld2d3 [[^, F] , F - X] + d4*41 + d4M2 J ’ 

= Ui [X, Y] + ld 2 [X, Y] + U,d 2 [X, [X, F]] + U,d 2 [F, [X, F]] 

2 2b D 

- idid2 [[^, F], X] + ids [^, + ^dida [X, [X, F]] 

+ '^dids [F, [X, F]] — -dida [[W, Y],X] + -d2d3 [X, [X, F]] 

D Z 0 

+ Id 2 d 3 [F, [F, F]] - id2d3 [[W, F], X] + did2d3 [X, [X, [X, F]]] 

+ did2d3 [X, [F, [X, F]]] - ^did2d3 [X, [[X, F], X]] 

+ did2d3 [F, [X, [X, F]]] + did2d3 [F, [F, [X, F]]] 

- Jdid2d3 [F, [[X, F], X]] + ^did2d3 [[X, F], [X, F]] (12) 

Letting 17142 be the right-hand side of (I12|) . we have 


m 

= exp — d 4 m 4 i — d 4 m 42 .exp d4m42. 

(di -|- d2 -l- da -|- d4) (X -|- F) -|- ^ (di -I- d2 -I- da) [X, F] 


exp 


-|-2did2d3 [[X, F] , F — X] -|- d4*4i -I- d4J42 


exp —d4n43 — d4n42 — d4n4i 
)By Proposition O) 

= exp —d4TO4i — d4m42. ( 77142 )^^ . 


exp 


(di -l- d2 -l- da -|- d4) (X -|- F) -|- ^ (di -I- d2 -f da) [X, F] 
-|-^did2d3 [[X, F], F — X] -|- d4i4i -I- d4*42 


exp —d4n43 — d4n42 — d4n4i 
)By Proposition UK 
= exp — d4TO4i — d4m42. 


exp 


(di “t" d 2 -l- da -|- d 4 ) (X -I- F) ^ (di -f d 2 -f da) [X, F] 
-|-^did2d3 [[X, F] , F — X] -|- d4l4i -|- d4_)4i -I- d4Z42 


exp —d4n43 — d4n42 — d4n4i 
)By (UllK 


(13) 


We let j 42 be the result of —m 4 i — 17142 by deleting all the terms whose 
coefficients contain did2d‘i. Then, thanks to Theorem [2l we have 

Aright ( {di + d2 + d3 + ^4) {X + Y) + \ {di + ^2 + [X, Y] \ , 

^ +^dld2d3[[^,b"],b^-^] + d4Z41+d4j41+d4i42 ’ 

= -^d,d2 [X, [X, F]] - idid 2 [y, [^, b^]] - idida [^, [^, >^]] 

- idida [b^, [^, b^]] - ^d2d3 [^, [^, i^]] - ^^ 2^3 [5^, [^, b^]] 

- Jdid2d3 [^, [^, [^, b^]]] - ^did2d3 [^, [b^, [^, b^]]] 

- Jdid 2 d 3 [r, [F, [X, F]]] - Jdid 2 d 3 [r, [F, [X, F]]] (14) 

Letting 77143 be the right-hand side of da, we have 


m 

= exp —^477741 — d4m42 — ^ 477743 . exp ^ 477743 . 


exp 


(di +^2 + ^3 + ^ 4 ) {X Y) ^ (di -|- d 2 -f d^) [F, F] 
-|-^did 2 d 3 F] , F — X] Y d474i + d4j4i + d4742 


exp —d 47743 — d47742 — d 4774 i 
)By Proposition [3K 

= exp —d477741 — d477742 — d477743- {fn43)di 


exp 


[di d 2 d^i) + 5 ^) + ^ {di + (^2 + (^ 3 ) [X^ 1 ^] 

-|-^did2d3 F] , F — X] Y d474i + d4j4i + d4742 


exp —d 47743 — d47742 — d 4774 i 
)By Proposition |4K 
= exp —d477741 — d477742 — d 477743 . 


exp 


(di + d 2 + d 3 + d 4 ) {X + F) -|- b (di -f d 2 -I- d 3 ) [X^ F] 
-|-^did 2 d 3 {[X, F] , F — X] Y d474i + d 4 j 4 i + d4742 Y d4j42 


exp —d 47743 — d47742 — d 4774 i 

)By CK 


(15) 


Since the coefficient of every term in —77741 —77742 —77743 contains did 2 d 3 , we 
are done, so that we have 


m 


= exp 


(di -f d 2 -f d 3 -f d4) (F -|- F) -|- b (di + d 2 + d^) [X, F] \ 

+ idid2d3 [[X, F] , F — X] -|- d474i + d4j4i -|- d4742 + d4j42 j (16) 

— d47774i — d477742 — d477743 — d47743 — d4Ti42 — d4774i j 
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It is easy to see that 

jil + *42 + j 42 

= di [X, y] + d2 [X, y] - [[^, y], ^] + \d1d2 [[X, y], y] 

da [X, y] - ifiifia [[y, y], X] + idida [[y, y], y] 

- [[^, >"], ^] + \d2d3 [[X, y], y] 

whereas 

— TO41 — m 42 — TO43 — n43 — n 42 — 'n.41 
= ^c^ic^ 2 c ^3 [X, [[X, y], X]] + -did 2 c ^3 [X, [[X, y], y]] 

+ \d^d2d^ [y, [[X, y], X]] + ifiifi 2 (i 3 [y, [[x, y], y]] 

+ \d^d2d^ [[[X, y], X], X] - idici 24 [[[^, >"], ^], >"] 

- \d^d2d^ [[[X, y], y], X] + -^d^d2di [[[X, y], y], y] 

Therefore we have the desired result. ■ 


4 The BCH Formula for n=5 


Theorem 6 


exp (di + (i2 + ds + d 4 + ds) X. exp (di + d2 + da + d 4 + ds) Y 


— exp (di + d2 + da + da + ds) (X + y) 


"f 2 + d 2 + da + da + ds) [X, y] 

+ Y2 + d 2 + da + da + ds)^ [[X, y], y — X] 

(di + d2 + ds + d4 + ds) ([X + Y, [[X, y], X + y]] + [[[X, y], X — y], X — y]) 


+ (*^1 + c^2 + da + da + ds) 


/ |[x + y,[x + y,[[x,y],x-y]]] \ 
+i[[x,y],[[x,y],x + y]] 

+|[[x + y,[[x,y],x + y]],y-x] 

V +i[[[[x,y],y-x],x-y],x-y] 


10 



Proof. We have 


exp [di + ^2 "f ^3 "f ^4 “f Gxp [di + fi 2 + ^3 + fi 4 + ds) P 

= exp (di + d 2 + d 3 + d 4 )X + d^X. exp (di + (i 2 + ds + <^ 4 ) P + d^Y 
= exp d^X. exp (di + d 2 + da + d 4 ) X. exp (di + d 2 + da + d 4 ) Y. exp daF 
)By Proposition [3J 
= exp d^X. 

/ (di + d2 + da + d4) {X + F) + ^ (di + d2 + da + d4) [X, F] 

exp j F (di + d 2 + da + d 4 ) [[W, F], F — X] 

\ (di + d2 + da + dif ([X + F, [[X,F] ,X + F]] + [[[X,F] ,X - F] - F]) 
exp dsF 

)By Theorem m (17) 
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By the way, due to Theorem [21 we have 

( (di + 6^2 + (^3 + d^) {X + T) + ^ (di +(^2 + ^3 + d^) [X^ T] \ 

Jieft c 'I {di + d 2 + ds + di)^ [[X, Y],Y - X] 

^ ^ +^idi+d2 + d3 + dif[X + Y,[[X,Y],X + Y]] ^ ^ 

V {di + d2 + ds + ^ 4 )"^ [[[^: Y],X — Y\,X — Y] ) 

= r - idi [X, y] - ^d 2 [X, Y] + idid 2 [X, [X, r]] + ^d,d 2 [r, [x, y]] 

- Y],Y] — -da [X, y] + -dida [X, [X, y]] + -did^ [y, [X, y]] 

- idida [[X, y], y] + [^, [^, y]] + ld 2 ds [y, [X, y]] - id 2 da [[X, y], y] 

- idid 2 da [X, [X, [X, y]]] - idid 2 da [X, [y, [X, y]]] + idid 2 da [X, [[X, y], y]] 

- idid 2 da [y, [X, [X, y]]] - idid 2 da [y, [y, [x, y]]] + idid 2 da [y, [[x, y], y]] 

+ idid 2 da [[[X, y], X], y] - idid 2 da [[[X, y], y], y] - id 4 [x, y] + idid 4 [x, [x, y]] 
+ idid 4 [y, [X, y]] - idid 4 [[X, y], y] + id 2 d 4 [x, [x, y]] + id 2 d 4 [y, [x, y]] 

- id 2 d 4 [[X, y], y] - idid 2 d 4 [X, [X, [X, y]]] - idid 2 d 4 [x, [y, [x, y]]] 

+ idid 2 d 4 [X, [[X, y], y]] - idid 2 d 4 [y, [x, [x, y]]] - idid 2 d 4 [y, [y, [x, y]]] 

+ idid 2 d 4 [y, [[X, y], y]] + idid 2 d 4 [[[x, y], x], y] - idid 2 d 4 [[[x, y], y], y] 

+ idad 4 [X, [X, y]] + idad 4 [y, [X, y]] - idad 4 [[X, y], y] - ididad 4 [X, [X, [X, y]]] 

- ididad 4 [X, [y, [X, y]]] + ididad 4 [X, [[X, y], y]] - ididad 4 [y, [x, [x, y]]] 

- ididad 4 [y, [y, [X, y]]] + ididad 4 [y, [[x, y], y]] + ^d.d^d^ [[[x, y], x], y] 

- ididad 4 [[[X, y], y], y] - id 2 dad 4 [X, [X, [X, y]]] - id 2 dad 4 [X, [y, [X, y]]] 

+ ^d 2 dad 4 [X, [[X, y], y]] - id 2 dad 4 [y, [X, [X, y]]] - id 2 dad 4 [y, [y, [x, y]]] 

+ id 2 dad 4 [y, [[X, y], y]] + id 2 dad 4 [[[X, y], X], y] - id 2 dad 4 [[[x, y], y], y] 

+ idid 2 dad 4 [X, [X, [X, [X, y]]]] + idid 2 dad 4 [X, [X, [y, [X, y]]]] 

- idid 2 dad 4 [X, [X, [[X, y], y]]] + idid 2 dad 4 [X, [y, [X, [X, y]]]] 

+ idid 2 dad 4 [X, [y, [y, [X, y]]]] - idid 2 dad 4 [X, [y, [[x, y], y]]] 

5 2 

- idid 2 dad 4 [X, [[[X, y], X], y]] + idid 2 dad 4 [X, [[[X, y], y], y]] 
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+ idid2d3d4 [1", [^, [X, [^, >"]]]] + yid2d3di [y, [y, [y, [y, y]]]] 

- \d1d2d3di [y, [y, [[X, y], y]]] + ^did2d3di [y, [y, [x, [x, y]]]] 

+ \d1d2d3di [y, [y, [y, [x, y]]]] - ^^1^24^4 [y, [y, [[x, y], y]]] 

- \d,d2d3d^ [y, [[[X, y],X], y]] + \d3d2d3di [y, [[[x, y], y], y]] 

- \d1d2d3di [[X, y], [X, [X, y]]] - ]^did2d3di [[X, y], [y, [x, y]]] 

+ did2d3di [[X, y], [[X, y], y]] - ^did2d3di [[x, [[x, y], x]], y] 

- \d^d2d3di [[X, [[X, y], y]], y] - 012^3^4 [[y, [[x, y], x]], y] 

- idid2d3d4 [[F, [[X, y], y]], y] - ^^1^24^4 [[[^, >"], ^], [^, >"]] 

+ ^did2d3d4 [[[X, y], y], [X, y]] - idid2d3d4 [[[[^, F], X], X], y] 

+ ^d,d2d3d, [[[[X, y], X], y], y] + ^^1^24^4 [[[[^, 

-^-d,d2d3d^[[[[X,Y],Y],Y\,Y\ ( 18 ) 

Letting 74,51 be the right-hand side of (IT^ with the first term Y deleted, we 
have 

C2l) 

= exp d^X. 

/ {di +^2 + 1^3 + ^4) {X + 1^) + ^ [di + c?2 H“ (^3 H“ d^) [X^ Y] 

Gxp I (^1 H“ ^2 H“ c ?3 + d^) [[X^ , X — X] 

\ (di + d2 + d3 + d4)" ([X + y, [[X,y] ,x + y]] + [[[x,y] ,x - y] ,x - y]) 

exp dsX-I-^57451. exp —d^n^i 
)By Proposition [ 3 K 
= exp d^X. 

/ (di -f ci2 + ds -|- d4) (X -|- y) -|- d^Y Y ^ (di -I- d2 -f d3 -I- d^) [X, y] 

exp I “f (*^1 + d2 -l- d3 -|- d4) [[X, y], y — X] 

V (di + d2 + d3 + d4)" ([X + y, [[X,y] ,x + y]] + [[[x,y] ,x - y] ,x - y]) 

exp -d5?45i 

)By mi ( 19 ) 
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We let isi be the result of —n^i by deleting all the terms whose coefficients 
contain did 2 d 3 d 4 . Then, by dint of Theorem^ we have 

\2 


(exp) 


/ [di d 2 ds (^4) (JC + T) + d^Y + ^ (di +^2 + ^3 + ^4) [X, T] \ 
+ (di +^2+^3 + ^4) [[X, Y\ ,Y — X\ 


V 


+ ^ (di + ^2 + da + d/f) [X + y, [[X, Y] ,X + T]] 

+ M (di + d2 + d 3 + d 4 )^ [[[^, Y],X-Y],X-Y] J 


(* 5 l) 


= idi [X, y] + ld 2 [X, Y] - ^did 2 [^, [^, >"]] - ^did 2 [1^, [^, >"]] + ld,d 2 [[X, y], y] 

2 2b D 2 

+ ids [^, i"] - ^did3 [^, [^, y]] - Uids [y, [X, y]] + idida [[X, y], y] 

- ^d 2 d 3 [X, [X, y]] - ^d 2 d 3 [y, [X, y]] + id 2 d 3 [[x, y], y] + ^did 2 d 3 [x, [x, [x, y]]] 
+ ^did2d3 [X, [y, [X, y]]] - ^did2d3 [X, [[X, y], y]] + ^did2d3 [y, [x, [x, y]]] 

+ ^did2d3 [y, [y, [X, y]]] - ^did2d3 [y, [[x, y], y]] - idid2d3 [[[x, y], x], y] 

+ 7did2d3 [[[X, y], y], y] + id4 [x, y] - ^d^d^ [x, [x, y]] - U^d^ [y, [x, y]] 

+ idid4 [[X, y], y] - ^d2d4 [X, [X, y]] - ^d2d4 [y, [x, y]] + id2d4 [[x, y], y] 

+ ^did2d4 [X, [X, [X, y]]] + ^did2d4 [X, [y, [x, y]]] - ^did2d4 [x, [[x, y], y]] 

+ Jdid2d4 [y, [X, [X, y]]] + ^did2d4 [y, [y, [x, y]]] - ^d,d2d4 [y, [[x, y], y]] 

- idid2d4 [[[X, y], X], y] + idid2d4 [[[X, y], y], y] - ^d3d4 [x, [x, y]] 

- ^d3d4 [y, [X, y]] + id3d4 [[X, y], X] + ^d.dsd^ [x, [x, [x, y]]] 

+ Jdid3d4 [X, [y, [X, y]]] - ^did3d4 [X, [[X, y], y]] + ^did3d4 [y, [x, [x, y]]] 

+ ^did3d4 [y, [y, [X, y]]] - ^did3d4 [y, [[x, y], y]] - idid3d4 [[[x, y], x], y] 

+ idid3d4 [[[X, y], y], y] + ^d2d3d4 [x, [x, [x, y]]] + ^d2d3d4 [x, [y, [x, y]]] 

- ^d2d3d4 [X, [[X, y], y]] + ^d2d3d4 [y, [x, [x, y]]] + Jd2d3d4 [y, [y, [x, y]]] 

- Jd2d3d4 [y, [[X, y], y]] - id2d3d4 [[[x, y], x], y] + id2d3d4 [[[x, y], y], y] 

- ^did2d3d4 [X, [X, [X, [X, y]]]] - ^did2d3d4 [X, [X, [y, [x, y]]]] 

+ 2did2d3d4 [X, [X, [[X, y], y]]] - ^did2d3d4 [X, [y, [x, [x, y]]]] 

- ^did2d3d4 [X, [y, [y, [X, y]]]] + 2did2d3d4 [x, [y, [[x, y], y]]] 

+ ^did2d3d4 [X, [[[X, y], X], y]] - idid2d3d4 [X, [[[X, y], y], y]] 
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- Idid2d3d4 [Y, [X, [X, [X, F]]]] - ^did2d3d4 [F, [X, [F, [X, F]]]] 

+ 2did2d3di [F, [X, [[X, F], F]]] - ^did2d3d4 [F, [F, [X, [X, F]]]] 

- Idid2d3d4 [F, [F, [F, [X, F]]]] + 2d,d2d3d4 [F, [F, [[X, F], F]]] 

+ Id,d2d3d4 [F, [[[X, F], X], F]] - ^did2d3d4 [Y, [[[X, F], F], F]] 

+ 2did2d3d4 [[X, F], [X, [X, F]]] + 2did2d3d4 [[X, F], [F, [X, F]]] 

- ^^1^24^4 [[^, , [[^, + Idid2d3d4 [[[X, F], X], [X, F]] 

-^did2d3d4[[[X,Y],Y],[X,Y]] ( 20 ) 

Letting 7152 be the right-hand side of (EIH) . we have 

m 

= exp dsX. 

/ (di + ^2 + + d^) (X + F) + d^Y + ^ (di -I- ^2 + c ^3 + d^) [X, F] 

Gxp I (di -f ^2 F ^3 -|- ^ 4 ) [[X,F], F — X] 

V (di + d 2 F d 3 F d 4 )" ([X F F, [[X,F] ,X + F]] + [[[X,F] ,X - F] ,X - F]) 

exp ^ 57452 . exp —dsTisi — ^57452 
)By Proposition I3K 
= exp dsX. 

/ (di + d 2 + ds + d 4 ) (X + F) + d^Y + ^ (di -I- d 2 -f ds -I- d^) [X, F] 

exp I F (di -|- d 2 -f da -|- d 4 ) [[X, F], F — X] 

V F^ (di + d 2 + da + d 4 )" ([X + F, [[X,F] ,X + F]] + [[[X,F] ,X - F] ,X - F]) 

(^ 52)^5 - exp -dsTTai - d5n52 
)By Proposition UK 
= exp dsX. 

^ (di + d 2 + da + d 4 ) (X + F) + d^Y + i (di -I- d 2 -I- da -I- d^) [X, F] 

g +J 2 (di + d 2 + d 3 + dif [[X, F], F — X] 

F^ (di + d 2 + da + d 4 )" ([X + F, [[X,F] ,X + F]] + [[[X,F] ,X - F] ,X - F]) 

V FdsZsi 

exp -daTTsi - d57452 

)By mi (21) 
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We let 152 be the result of —nsi — 7152 by deleting all the terms whose 
coefficients contain did 2 C^ 3 d 4 - Then, thanks to Theorem[2l we have 


rleft 


(exp) 


! {di + (i 2 ffi ^3 + d^) [X + Y) + d^Y + b (di + (^2 + ds + ^ 4 ) [X, Y] \ 
+ ^ {di +d2+d3 + dif [[X, Y],Y-X] 

+ ^ (^1 Y d2 + ds + di) [X + Y, [[X, Y], X + T]] 

V {di Y d2 + ds + di) [[[^, Y], X — Y], X — Y] + d^i^i j 


(*52) 


= idid2 [X, [X, F]] + idid2 [F, [X, F]] + idida [^, [^, >"]] + Idids [F, [X, F]] 

+ ^d2d3 [X, [X, F]] + 1^2* [T, [^, T]] - Idid2d3 [X, [X, [X, F]]] 

- ^did2d3 [X, [F, [F, F]]] + ^did2d3 [X, [[X, F], F]] - ^did2d3 [F, [X, [X, F]]] 

- Idid2d3 [F, [F, [F, F]]] + ^d,d2d3 [F, [[X, F], F]] + ^d^di [X, [X, F]] 

+ ^didi [F, [X, F]] + ^d2di [X, [X, F]] + ^d2di [F, [X, F]] - ^did2di [X, [X, [X, F]]] 

- ^-did2di [X, [Y, [X, F]]] + ^did2d4 [X, [[X, F], F]] - ^did2d4 [F, [X, [X, F]]] 

- ^did2di [F, [F, [X, F]]] + ^did2d4 [F, [[X, F], F]] + ^dsdi [X, [X, F]] 

+ ^dsdi [Y, [X, F]] - ^-didsdi [X, [X, [X, F]]] - ^-dididi [X, [F, [X, F]]] 

+ ^dididi [X, [[X, F], F]] - ^did3d4 [F, [X, [X, F]]] - ^dididi [F, [F, [W, F]]] 

+ ^dididi [F, [[X, F], F]] - ^-d2d3di [X, [X, [X, F]]] - ^-d2d3di [X, [Y, [X, F]]] 

+ ^d2d3d4 [X, [[X, T] , T]] - Id2d3di [F, [X, [X, F]]] - ^d2d3d4 [F, [F, [W, F]]] 

+ ^d2d3d4 [F, [[X, F], F]] + 3did2d3di [X, [X, [X, [X, F]]]] 

+ Mid2d3di [X, [X, [F, [X, F]]]] + ]^did2d3di [X, [X, [[X, F], F]]] 

+ Mid2d3di [X, [F, [X, [X, F]]]] + Mid2d3di [X, [F, [F, [X, F]]]] 

- ^did2d3di [X, [F, [[X, F], F]]] + Mid2d3di [F, [X, [X, [X, F]]]] 

+ Mid2d3di [F, [X, [F, [X, F]]]] - ^^1^24^4 [F, [X, [[X, F], F]]] 

+ Mid2d3di [F, [F, [X, [X, F]]]] + 3did2d3di [F, [F, [F, [X, F]]]] 

- ^^1^24^4 [1^, [T, [[X, F], F]]] - ^d,d2d3di [[X, F], [X, [X, F]]] 
-^did2d3di[[X,Y],[Y,[X,Y]]] 


(22) 
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Letting 7153 be the right-hand side of (1^ . we have 


m 

= exp d^X. 

( (di -\- d2 ^ 4 ) {X Y) d^Y Y ^ (di -f ^2 + ^3 -I- d^) [X, Y] \ 

g +t^ (di + d2 + dsY dif [[X, Y] ,Y — X] 

+ ieidi+d2 + d3 + d4t{[X + Y,[[X,Y],X + Y]] + [[[X,Y],X-Y],X-Y]) 

V +^5*51 / 

exp ^57753. exp -dsTisi - ^57752 - ^57153 
)By Proposition [ 31 J 
= exp d^X. 

( (di Y d2 Y ds Y ^ 4 ) {X Y Y) Y d^Y Y ^ (di Y d2 Y d^ Y (^ 4 ) [X, Y] \ 

Y-^ {di Y d2Y dsY ^ 4 )^ [[X, Y] ,Y - X] 
Y^^{d3Yd2Yd3Yd^f {[X YY,[[X,Y],X YY]]y[[[X,Y],X -Y],X - Y]) 

V +<^5*51 / 

(7753)^^ .exp -d^n^i - 1^57152 - fi57l53 
)By Propositioning 


= exp d^X. 

( (di -f fi2 + ^3 -f ^4) {X Y Y) Y d^Y Y ^ (di -f ^2 + ^3 -I- d^) [X, Y] 

g +t^ (di Y d 2 Y dsY d^)^ [[X, Y] ,Y — X] 

Y^{d,Yd 2 Yd 3 Yd,)\[XYY,[[X,Y],XYY]]Y[[[X,Y],X-Y],X-Y]) 

V +^5751 -i- ^5752 


\ 


exp -^57751 - ^57752 - ^57753 

)By (23) 


17 








We let 153 be the result of —n^i — n^2 — ^^53 by deleting all the terms whose 
coefficients contain did2d^di. Then, due to Theorem[ 2 l we have 


! {di d 2 d^ d^) [X + Y) + d^Y + b (di + d2 + ds + ^4) [X, Y] '' 


rleft 


(exp) 


V 


+jb + d2 + d3 + diY [[X, y], y - X] 

+ ^ (di + d2 + ds + di) [X + y, [[y, Y], X + y]] 
+ ^ (^1 + + ds + d4) [[[^, Y], X — Y], X — Y] 

ffidsisi + d5i52 


= ^did2d3 [w, [X, [X, y]]] + ^did2d3 [y, [y, [x, y]]] + ^did2d3 [y, [x, [x, y]]] 
+ ^did2d3 [y, [y, [X, y]]] + ^did2d4 [x, [y, [x, y]]] + ^did2d4 [x, [y, [x, y]]] 
+ ^did2d4 [y, [y, [y, y]]] + ^did2d4 [y, [y, [x, y]]] + ^did3d4 [x, [x, [x, y]]] 
+ ^did3d4 [X, [y, [X, y]]] + ^did3d4 [y, [x, [x, y]]] + ^did3d4 [y, [y, [x, y]]] 
+ ^d 2 d 3 d 4 [X, [X, [X, y]]] + -d 2 d 3 d 4 [X, [y, [X, y]]] + -d 2 d 3 d 4 [y, [X, [X, y]]] 
+ ^d2d3d4 [y, [y, [X, y]]] - idid2d3d4 [x, [x, [x, [x, y]]]] 

- ^did2d3d4 [X, [X, [y, [X, y]]]] - idid2d3d4 [X, [y, [x, [x, y]]]] 

- ^did2d3d4 [X, [y, [y, [X, y]]]] - idid2d3d4 [y, [x, [x, [x, y]]]] 

- idid2d3d4 [y, [X, [y, [X, y]]]] - idid2d3d4 [y, [y, [x, [x, y]]]] 


-idid2d3d4[y,[y,[y,[x,y]]]] 


(24) 


(*53) 
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Letting 7154 be the right-hand side of (IMl) . we have 


= exp d^X. 

/ 


exp 


(di d2 ^4) {X Y) d^Y Y ^ (di -f ^2 + ^3 -I- ^4) [X, Y] 

+ (<^1 + d2 + d^ + dn)^ [[X, Y] ,Y — X] 


V 


(di + d2 + d 3 + dit ([X + y, [[X,r] ,x + y]] + [[[x,y] ,x - y] - y]) 


+(^5*51 + <^5752 
exp ^ 57454 . exp -dsnsi - ^57452 - ^57753 - ^57754 
)By Proposition [31J 
= exp d^X. 


exp 


( (di -l- ci2 + da + <^4) {X + Y) + d^Y Y ^ (di -I- ^2 + da + d4) [X, Y] 

Y-^ (di -|- d2 -l- d3 -|- d4) [[X, y], y — X] 


V 


+k (di + d 2 + da + d4)" ([X + y, [[x,y] ,x + y]] + [[[x,y] ,x - y] - y]) 

ydsisi -l- d^i^2 
( 7754)^5 • exp -dsnai - d57752 - dsrraa - d^n^i 
)By Propositioning 
= exp d^X. 

/ 

“^l2 


exp 


(di -l- d2 -|- da -|- da) {X Y Y) Y d^Y Y ^ (di -I- d2 -f da -I- da) [X, Y] 


+ 42 (*^1 + d2 + da + da) [[X, y], y — X] 

1 /j , j , j , j \4 

I ^ 

\ ydsisi + d5752 + daisa 

exp -daTTsi - d57752 - d^n^s - d^n^i 
)By (HHK 


+^ (di + d2 + da + da)" ([X + y, [[X,y] ,x + y]] + [[[X,y] ,x - y] ,x - y]) 


(25) 
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Since the coefficient of every term in —nai—7152—nsa —7154 contains did2d^dA, 
we turn our attention to the left exp d^X. Now, thanks to Theorem [2 we have 


I [di d2 d^ (^4) (Jf + Y) + d^Y + ^ (di + (i2 + da + (^4) Y] ^ 


(exp) 


V 


+ i (d, + d2 + da + ^ 4 )' [[^, y], 

+ ^ [di + d2 + ds + di) [X + Y, [[X, Y] ,X + T]] 
+ ^ (^1 + d2 + ds + ^ 4 )^ [[[^: Y],X — Y\,X — Y] 
+^5751 + ^5752 + rf 575 a 


(^) 


= X - idi [X, r] - id 2 [^, i"] - \d 1 d 2 [X, [X, r]] - ^-d^d 2 [x, [x, x]] 

+ idid2 [[^, X], X] - Ida [^, X] - idida [X, [X, X]] - ^dida [X, [X, X]] 

+ idida [[X, X], X] - id2da [X, [X, X]] - id2da [X, [X, X]] + id2da [[X, X], X] 

- idid2da [X, [X, [X, X]]] - idid2da [X, [X, [X, X]]] + idid2da [X, [[X, X], X]] 

- -did2da [X, [X, [X, X]]] — -did2da [X, [X, [X, X]]] + -did2da [X, [[X, X], X]] 

- idid2da [[[X, X], X], X] + idid2da [[[X, X], X], X] - id4 [X, X] - ^d,d^ [X, [X, X]] 

- idid4 [X, [X, X]] + idid4 [[X, X], X] - id2d4 [X, [X, X]] - id2d4 [X, [X, X]] 

+ id2d4 [[X, X] , X] - idid2d4 [X, [X, [X, X]]] - idid2d4 [X, [X, [X, X]]] 

+ idid2d4 [X, [[X, X] , X]] - idid2d4 [X, [X, [X, X]]] - idid2d4 [X, [X, [X, X]]] 

+ \d 1 d 2 di [X, [[X, X], X]] - idid2d4 [[[X, X], X], X] + idid2d4 [[[X, X], X], X] 

- idad4 [X, [X, X]] - idad4 [X, [X, X]] + idad4 [[X, X], X] - ididad4 [X, [X, [X, X]]] 

- ididad4 [X, [X, [X, X]]] + ididad4 [X, [[X, X], X]] - ididad4 [X, [X, [X, X]]] 

- ididad4 [X, [X, [X, X]]] + ididad4 [X, [[X, X], X]] - ididad4 [[[X, X], X], X] 

+ ididad4 [[[X, X], X], X] - id2dad4 [X, [X, [X, X]]] - -^d 2 d^di [X, [X, [X, X]]] 

+ ^rf2dad4 [X, [[X, X], X]] - id2dad4 [X, [X, [X, X]]] - id2dad4 [X, [X, [X, X]]] 

+ \d 2 d 3 di [X, [[X, X], X]] - id2dad4 [[[X, X], X], X] + id2dad4 [[[X, X], X], X] 

- idid2dad4 [X, [X, [X, [X, X]]]] - idid2dad4 [X, [X, [X, [X, X]]]] 

+ idid2dad4 [X, [X, [[X, X], X]]] - idid2dad4 [X, [X, [X, [X, X]]]] 

2 5 

- \did 2 d:idi [X, [X, [X, [X, X]]]] + idid2dad4 [X, [X, [[X, X], X]]] 

5 2 


20 




- -^(^1(12(13(14 [X, [[[X, Y\,X\, X]] + -did 2 d 3 di [X, [[[^, Y],Y\, X]] 

- ^did 2 d 3 d 4 [r, [X, [X, [X, r]]]] - ^did 2 d 3 d 4 [F, [X, [F, [X, F]]]] 

+ ^^1^24^4 [F, [X, [[X, F], X]]] - ^d 4 d 2 d 3 d 4 [F, [F, [F, [X, F]]]] 

- \d 4 d 2 d 3 d 4 [Y, [F, [F, [X, F]]]] + \d 4 d 2 d 3 d 4 [F, [F, [[X, F], X]]] 

- ^^1^24^4 [F, [[[X, F], X], X]] + ^did 2 d 3 d 4 [F, [[[F, F], F], X]] 

- ^^1^24^4 [[X, F], [F, [X, F]]] - \d 1 d 2 d 3 d 4 [[X, F], [F, [X, F]]] 

+ d 4 d 2 d 3 d 4 [[F, F], [[X, F], X]] + \d 4 d 2 d 3 d 4 [[X, [[X, F], X]], X] 

O 

+ ■^did 2 d 3 d 4 [[X, [[X, F], F]], X] + -(ii(i2C?3C^4 [[^^i [[X, Y], X]], X] 

+ ^d 4 d 2 d 3 d 4 [[F, [[X, F] , F]] , X] + ^d 4 d 2 d 3 d 4 [[F, [[X, F], X]], [X, F]] 

- 2<^1<^2<^3C^4 X],Y\, [X, F]] + -diC?2(i3C^4 [[[[-^; X\,X\,X], X] 

- ^^1^24^4 [[[[^, F] , X] , F] , X] - ^d 4 d 2 d 3 d 4 [[[[X, F], F], X], X] 

+ \d 4 d 2 d 3 d 4 [[[[X,Y],Y],Y],X] 


( 26 ) 
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Letting 77151 be the right-hand side of ( 1 ^ with the first term X deleted, we 
have 

(na) 

= exp —dsmsi.exp dsX-|-^5777.51. 

( (di -l- ^2 -|- ds -l- di) (yX -|- Y') -|- d5L^ -I- ^ (di -|- d2 -f d3 -I- di) [X, Y] 

+ (di -l- d2 -l- da -|- di) [[X, Y] ^Y — X] 

(di + d2 + da + dif ([X + r, [[X,r] ,x + r]] + [[[x,r] ,x - y] - f]) 

V +d 575 i -I- d 5752 -l- da^sa 

exp -dariai - d^nz2 - d^n^s - d^n^i 

)By Proposition la 
= exp -daTTiai. {X + 77751)^^. 


exp 


exp 


/ 


V 


(di -l- d2 -|- da -l- di) (yX Y Y) Y d^Y Y ^ (di -I- d2 -f da -I- di) [X, Y] 

Y^ (di -|- d2 -l- da -|- da) [[Jf, Y] ,Y — X] 

(di + d 2 + da + di)" ([X + y, [[x,y] ,x + y]] + [[[x,y] ,x - y] - y]) 


ydaiai -I- d5752 -I- d^i^^ 
exp -d5775i - d57752 - d^n^s - d^n^i 

)By Proposition la 

= exp —dsTTiai. 

/ 


exp 


{d\ -\- 6,2 -\- ~\- d4^ -\- (^5) {X + 1^) “1“^ (^1 d2 d^ -\- c?4) [X, 

Y^ (di -l- d2 -l- da -l- di) [[X, y], y — X] 

(di + d2 + da + di)" ([X + y, [[x,y] ,x + y]] + [[[x,y] ,x - y] ,x - y]) 


ydaisi -I- d5752 -I- da^sa 

exp -d5775i - d57752 - d5775a - d57754 

)By (I26D( 


(27) 
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We let j 5 i be the result of —77151 by deleting all the terms whose coefficients 
contain did 2 d^d 4 ^. Then, due to Theorem[2l we have 


(exp) 


I (di + (i 2 + ^3 + di + ds) {X + T) + ^ (di + d 2 + d 3 + di) Y'\ ^ 
('^i + d 2 + d 3 + d 4 )^ [[X, Y] — X] 

(^1 + + d 3 + d 4 ) \X + y, [[X, Y], X + y]] 


V 


”*”96 (^1 + d2 + ds + d4) [[[w, y],X — y],X — y] 

Tdsisi + d5i52 + dsiss 


(j5l) 


/ 


= idi [X, y] + id 2 [X, y] + ^did 2 [X, [X, y]] + ^did 2 [y, [x, y]] - idid 2 [[x, y], x] 

Z 2 b D z 

+ id3 [X, y] + ^did3 [X, [X, y]] + ^did3 [y, [x, y]] - idid3 [[x, y], x] 

+ ^d2d3 [X, [X, y]] + ^d2d3 [y, [X, y]] - id2d3 [[x, y], x] + ^did2d3 [x, [x, [x, y]]] 
+ ^did 2 d 3 [X, [y, [X, y]]] - ^did 2 d 3 [X, [[X, y], x]] + ^did 2 d 3 [y, [x, [x, y]]] 

+ ^did 2 d 3 [y, [y, [X, y]]] — -did 2 d 3 [y, [[x, y], x]] + -did 2 d 3 [[[X, y], X], x] 

- idid2d3 [[[X, y], y], X] + id4 [X, y] + ^did4 [x, [x, y]] + ^did4 [y, [x, y]] 

- idid4 [[X, y], X] + ^d2d4 [X, [X, y]] + ^d2d4 [y, [x, y]] - id2d4 [[x, y], x] 

+ Jdid2d4 [X, [X, [X, y]]] + ^did2d4 [X, [y, [x, y]]] - ^did2d4 [x, [[x, y], x]] 

+ ^did2d4 [y, [X, [X, y]]] + ^did2d4 [y, [y, [x, y]]] - ^did2d4 [y, [[x, y], x]] 

+ 7did2d4 [[[X, y], X], X] - idid2d4 [[[X, y], y], X] + U^di [x, [x, y]] 

+ ^d3d4 [y, [X, y]] - id3d4 [[X, y], X] + ^did3d4 [x, [x, [x, y]]] 

+ ^did3d4 [X, [y, [X, y]]] - ^did3d4 [X, [[X, y], x]] + ^did3d4 [y, [x, [x, y]]] 

+ ^did3d4 [y, [y, [X, y]]] - ^did3d4 [y, [[x, y], x]] + idid3d4 [[[x, y], x], x] 

- idid3d4 [[[X, y], y], X] + ^did3d4 [X, [X, [x, y]]] + ^did3d4 [x, [y, [x, y]]] 

- ^did3d4 [X, [[X, y], X]] + ^d2d3d4 [y, [X, [x, y]]] + ^d2d3d4 [y, [y, [x, y]]] 

- Jd2d3d4 [y, [[X, y], X]] + id2d3d4 [[[X, y], X], X] - id2d3d4 [[[X, y], y], x] 

+ ^did 2 d 3 d 4 [X, [X, [X, [X, y]]]] + ^did 2 d 3 d 4 [X, [X, [y, [x, y]]]] 

- 2did2d3d4 [X, [X, [[X, y], X]]] + ^did2d3d4 [X, [y, [x, [x, y]]]] 

+ ^did2d3d4 [X, [y, [y, [X, y]]]] - 2did2d3d4 [x, [y, [[x, y], x]]] 
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+ \did 2 d^di [X, [[[X, r], X], X]] - \did 2 d^di [X, [[[X, F], y], x]] 

+ ^did2d^di [F, [X, [X, [X, F]]]] + [F, [X, [F, [X, F]]]] 

- 2did2d3di [F, [X, [[X, F], X]]] + ^did2d3di [F, [F, [X, [X, F]]]] 

+ ^did2d3di [F, [F, [F, [X, F]]]] - 2did2d3di [F, [F, [[X, F], X]]] 

+ ^^1^24^4 [F, [[[X, F], X], X]] - ^did2d3d4 [Y, [[[X, F], F], X]] 

+ 2did2d3di [[X, F], [X, [X, F]]] + 2did2d3di [[X, F], [F, [X, F]]] 

- Idid2d3d4 [[X, F], [[X, F], X]] - ^did2d3d4 [[[X, F], X], [X, F]] 

+ yid2d3d4 [[[X,Y],Y],[X,Y]] (28) 


Letting 77152 be the right-hand side of (l 2 ^ . we have 


(ED) 

= exp -dsTOsi — c? 577752 . exp ^577752 


exp 


( (di d 2 d 3 di d^) (X + F) + ^ (di +^2 + ^3 + ^4) [X, F] 

+ ^ {di + d 2 + d 3 + di) [[X, F], F — X] 

+ ^ (di + d2 + d3 + d4)" ([X + F, [[X,F] ,X + F]] + [[[X,F] ,X - F] ,X - F]) 

V 


+(^ 5*51 + <^5752 -I- ^ 5*53 
exp -(^57751 - ^57752 - ^57753 - ^57754 
)By Proposition | 3 K 
= exp -^577751 - 6^577752. {17132)■ 


exp 


/ 


V 


(di d 2 d 3 d/^ d^) (X + F) + ^ (di + (i2 + <^3 + ^4) [X, F] 

+ (di -l- ^2 + ds -|- di)^ [[X, F], F — X] 

+ ^ (di + d2 + da + d4)" ([X + F, [[X,F] ,X + F]] + [[[X,F] ,X - F] ,X - F]) 


+d575i + d5752 + ds^sa 

exp -dsTTsi - d57752 - d57753 - d57754 
)By Proposition UK 
= exp —dsTTlsi — d577752. 

( (di -l- d2 -l- da -|- d4 -|- da) (X + F) + ^ (di + d2 -f da + d4) [X, F] 

+ (<^1 + d2 -l- ds -|- d4)^ [[X, F], F — X] 


exp 


V 


+ ^ (di + d2 + d3 + d4)" ([X + F, [[X,F] ,X + F]] + [[[X,F] ,X - F] ,X - F]) 


FdaZsi -I- d 5752 -I- d^i^s + dsjsi 
exp -d5775i - d 57752 - d57753 - d57754 

)By ESK 


(29) 
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We let j 52 be the result of —m^i — TO 52 by deleting all the terms whose 
coefficients contain did 2 d 3 d 4 . Then, by dint of Theorem[2 we have 


(exp) 


I (di + (i2 + ds + (i4 + ds) {^X + Y) + ^ (di + d2 + ds + d4) Y'\ ^ 

+1^ (di + d2 + da + d4) [[X, Y] ,Y — X] 

+M (rfi + ^2 + da + dit [X + y, [[X, y], X + y]] 


V 


“*”96 (di + d2 + da + d4) [[[X, y], X — y], x — y] 

ydsisi + d5Z52 + dsisa + dsjsi 


052) 


/ 


= -idid 2 [X, [X,y]] - idid 2 [y, [X, y]] - idida [x, [x, y]] - ^dida [y, [x,y]] 

- id2d3 [X, [X, y]] - id2d3 [y, [X, y]] - ^did2d3 [x, [x, [x, y]]] 

- ^did 2 d 3 [X, [y, [X, y]]] + ^did 2 d 3 [X, [[X, y], x]] - Idid 2 d 3 [y, [x, [x, y]]] 

- ^did2d3 [y, [y, [X, y]]] + ^did2d3 [y, [[x, y], x]] - idid4 [x, [x, y]] 

- idid4 [y, [X, y]] - id2d4 [X, [X, y]] - id2d4 [y, [x, y]] - Idid2d4 [x, [x, [x, y]]] 

- Jdid2d4 [X, [y, [X, y]]] + ^did2d4 [X, [[X, y], x]] - Jdid2d4 [y, [x, [x, y]]] 

- ^did2d4 [y, [y, [X, y]]] + ^did2d4 [y, [[x, y], x]] - id3d4 [x, [x, y]] 

- id3d4 [y, [X, y]] - Jdid3d4 [X, [X, [X, y]]] - Jdid3d4 [x, [y, [x, y]]] 

+ Jdid3d4 [X, [[X, y], X]] - Jdid3d4 [y, [X, [x, y]]] - Jdid3d4 [y, [y, [x, y]]] 

+ Jdid3d4 [y, [[X, y], X]] - Jd2d3d4 [X, [X, [x, y]]] - Jd2d3d4 [x, [y, [x, y]]] 

+ ^d2d3d4 [X, [[X, y], X]] - ^d2d3d4 [y, [X, [X, y]]] - ^d2d3d4 [y, [y, [x, y]]] 

+ ^d2d3d4 [y, [[X, y], X]] - 3did2d3d4 [X, [X, [X, [x, y]]]] 

- 3did2d3d4 [X, [X, [y, [X, y]]]] + idid2d3d4 [X, [X, [[x, y], x]]] 

- 3did2d3d4 [X, [y, [X, [X, y]]]] - 3did2d3d4 [X, [y, [y, [x, y]]]] 

+ idid2d3d4 [X, [y, [[X, y], X]]] - 3did2d3d4 [X, [X, [X, [X, y]]]] 

- 3did2d3d4 [y, [X, [y, [X, y]]]] - 3did2d3d4 [y, [y, [x, [x, y]]]] 

- 3did2d3d4 [y, [y, [y, [x, y]]]] + idid2d3d4 [y, [x, [[x, y], x]]] 

+ idid2d3d4 [y, [y, [[X, y], x]]] - ^did2d3d4 [[x, y], [x, [x, y]]] 


- 2did2d3d4[[x,y],[y,[x,y]]] 


(30) 
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Letting TO53 be the right-hand side of ( 150 ]) . we have 


(di d2 d^) (X + 1 ^) + 2 (^1 d2 d^ ^ 4 ) [^, 1 ^] 

_ (rl^ —L rl^ —L rl^ _L rl ^ 

+ ^ (di +d 2 + d 3 + iV ([^ + i", [[^, i"], ^ + >^]] + [[[^, Y],X-Y],X-Y]) 


dMl) 

= exp -dsmsi - ^577152 - ^577153. exp ^577753 

( (di -l- ^2 + ds -|- ^4 -l- ds) -|- 1^) -|- 2 

+ 1 ^ (di -I- d2 -I- d3 -I- d4)^ [[X, Y] ,Y — X] 

I 1 ^ I J ^ 4 

\ +d575i + d5752 -I- d5753 -|- dsjsi 

exp -dsnsi - 6^5^52 - (^5^53 “ C?5^54 
)By Proposition [ 3 J 

= exp -d^m^i - d^m^2 - d^m^s. . 

( {di d 2 d^ d^ d^) ^ (di -\- d 2 d^ -\- d^) [^, 1 ^] 

1 /j , J , J , J ^3 


exp 


V 


+ Y 2 (^1 + (^2 + + *^4) [[^7 7 ^ ~ 

(di + d2 + d3 + d4)" ([X + y, [[X,r] ,x + y]] + [[[x,y] ,x - y] ,x - y]) 


+d5Z5i + d5752 -f d5753 -|- dsjsi 

exp -dsTlsi - d 57752 - d5n53 - d57754 
)By Propositioning 
= exp -dsTTlgi - d 577752 - d577753. 

/ 


exp 


((ii + c?2 H“ (^3 H“ + (is) (di -\- d2 d^ d^) [JC, 

+ (di -l- d2 -l- d3 -|- d4) [[X, y], y — X] 


V 


(*^1 + d 2 -l- d 3 4 ’ ' 

+d5Z5i -I- d5i52 -I- d^i^s -I- dsjsi -|- dsjs2 
exp -dsTTsi - d577s2 - d^n^s - d^n^A 

)By »( 


(di + d 2 + d 3 + d 4 )" ([X + y, [[X,y] ,x + y]] + [[[x,y] ,x - y] ,x - y]) 


( 31 ) 
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We let jsa be the result of —m^i — 77152 — 77153 by deleting all the terms whose 
coefficients contain did2d3d4. Then, thanks to Theorem[ 2 l we have 


(exp) 


I {di + (i2 ffi ^3 + (i 4 + ds) {X + Y) + ^ (di +^2 + ^3 + ^4) Y'\ ^ 

+1^ (di +(^ 2+^3 + (^4) [[X, Y] ,Y — X] 

+ie (di + d2 + da + [X + Y, [[X, T], X + T]] 

{di + d2 + d3 + d4) [[[X, Y], X — Y], X — Y] 


V 


ffidsisi + d5752 + d^i^s + dsjsi + d5j52 


= ^did2d3 [W, [X, [X, y]]] + ^did2d3 [X, [F, [X, y]]] + ^did2d3 [y, [x, [x, y]]] 
+ ^did2d3 [y, [y, [X, y]]] + ^did2d4 [x, [y, [x, y]]] + ^did2d4 [x, [y, [x, y]]] 
+ ^did2d4 [y, [y, [y, y]]] + ^did2d4 [y, [y, [x, y]]] + ^did3d4 [x, [x, [x, y]]] 
+ ^did3d4 [X, [y, [X, y]]] + ^did3d4 [y, [x, [x, y]]] + ^did3d4 [y, [y, [x, y]]] 
+ ^d 2 d 3 d 4 [X, [X, [X, y]]] + -d 2 d 3 d 4 [X, [y, [X, y]]] + -d 2 d 3 d 4 \Y, [X, [X, y]]] 
+ ^d 2 d 3 d 4 [y, [y, [X, y]]] + -did 2 d 3 d 4 [X, [X, [X, [X, y]]]] 

+ ^did2d3d4 [X, [X, [y, [X, y]]]] + idid2d3d4 [X, [y, [x, [x, y]]]] 

+ ^did2d3d4 [X, [y, [y, [X, y]]]] + idid2d3d4 [y, [x, [x, [x, y]]]] 

+ \did 2 d^di [y, [X, [y, [X, y]]]] + idid2d3d4 [y, [y, [x, [x, y]]]] 


+ idid2d3d4[y,[y,[y,[x,y]]]] 


( 32 ) 


(jsa) 
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Letting TO54 be the right-hand side of 


we have 


m 

= exp —dsmsi — d^m ^2 — ^ 5^53 — exp ^577154 

/ 

+ (<^1 + d2 + d^ + di)^ [[X, Y] ,Y — X] 


exp 


(di Y d2 Y d'i Y di Y ds) {X Y Y) Y ^ (di -I- d2 -t d3 -I- d4) [X, Y'\ 


(di + d 2 + da + d4)" ([X + y, [[x,r] ,x + y]] + [[[x,y] ,x - y] - y]) 


+d5i5i -I- d5i52 -I- dsisa -I- dsjsi -I- d5j52 
exp -dsnsi - d5n52 - d^n^s - d^n^i 
)By Proposition [3]J 

= exp -dsTOsi - d5m52 - d^m^s - d^m^4^. ( 77154)^5 

f (di -l- d2 -l- da -|- d4 -|- da) {X Y Y) Y h (di -I- da -t da -I- d4) [X, y] 

1 , J , J , J ^3 n 


exp 


V 


+ Y 2 (*^1 + da -l- da -|- d4) [[Jf, y], y — X] 

Y^ (di + da + da + d4)" ([X + y, [[X,y] ,x + y]] + [[[x,y] ,x - y] - y]) 


+d5Z5i -I- dsisa -I- d^i^s -I- dsjsi -I- dsjsa 
exp -daTisi - dsTiga - daTiaa - d57754 
)By Proposition lU) 

= exp -dsTTisi - dsTTiaa - dsTTisa - d577754. 


exp 


(di -l- da -l- da -|- d4 -|- da) (^X -|- y) (di -I- da -t da -I- d 4 ) [X, Y] 
+ (di -l- da -l- da -|- d4) [[X, y], y — X] 


V 


(di + da + da + d4)" ([X + y, [[X,y] ,x + y]] + [[[X,y] ,x - y] ,x - y]) 


(*^1 + da -l- ' ' ’ ' 

+da7ai + daiaa + daiaa + da jai + daja2 + dajaa 
exp -da77ai - dariaa - danaa - da77a4 

)By dSllK (33) 
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Since the coefficient of every term in —m^i — 17152 — 1 TI 53 — 17154 contains 
c?ic? 2 C? 3 C ?45 we are done. We have 

*51 + *52 + *53 + j51 + j52 + jdS 

= di [X, Y] + d2 [X, Y] - [[X, F], X] + idid2 [[X, F], F] + 4 [F, F] 

- irfida [[^, F], X] + irfida [[F, F], F] - ^^ 2^3 [[^, F], X] 

+ 2^2d3 [[-^, F], F] + -did2d3 [X, [[X, F], X]] + -did2d3 [X, [[F, F], F]] 

+ Id4d2d3 [F, [[X, F] , X]] + ^d4d2d3 [F, [[X, F] , F]] + ^d4d2d3 [[[X, F] , X] , X] 

- ^d4d2d3 [[[X, F] , X] , F] - ^d4d2d3 [[[X, F] , F] , X] + ^d4d2d3 [[[X, F] , F] , F] 
+ d4 [X, Y] - ^did4 [[F, F], X] + ^did4 [[w, F], F] - ^d2d4 [[X, F], X] 

+ ^d2d4 [[X, F], F] + ^did2d4 [X, [[X, F], X]] + ^did2d4 [X, [[F, F], F]] 

+ ^did2d4 [F, [[X, F] , X]] + ^d4d2d4 [F, [[X, F] , F]] + ^did2d4 [[[X, F], X], X] 

- ^did2d4 [[[X, F], X], F] - ^did2d4 [[[X, F], F], X] + ^did2d4 [[[X, F], F], F] 

- ^d3d4 [[X, F] , X] + ifi3d4 [[F, F] , F] + ^d4d3d4 [X, [[X, F] , X]] 

+ ifiifi3d4 [X, [[X, F], F]] + ^d4d3d4 [F, [[F, F], X]] + idid3d4 [F, [[X, F], F]] 

+ iciici3d4 [[[X, F] , X] , X] - ^d 4 d 3 d 4 [[[X, F] , X] , F] - ^d 4 d 3 d 4 [[[X, F] , F] , X] 
+ ^did3d4 [[[X, F] , F] , F] + ^d2d3d4 [X, [[X, F] , X]] + ^d2d3d4 [X, [[X, F], F]] 
+ \d 2 d 3 d 4 [F, [[X, F], X]] + ^d 2 d 3 d 4 [F, [[X, F], F]] + ^d 2 d 3 d 4 [[[X, F], X], X] 

- \d 2 d 3 d 4 [[[X, F], X], F] - ^d 2 d 3 d 4 [[[X, F], F], X] + ^d 2 d 3 d 4 [[[X, F], F], F] 
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on the one hand, and 


- msi — TO52 — m 53 — m 54 — 77.51 — 7752 — 7753 — 7754 

= ^ 1 ^ 24^4 [^, [^, [[^, >"] , ^]]] - dlfi 2 rf 3 d 4 [^, [^, [[^, i"] , r]]] 

+ dxd2d:idi [X, [y, [[X, y], y]]] - did2d^dA [x, [y, [[x, y], y]]] 

+ did2d:idi [y, [y, [[X, y], x]]] - did2d:idi [y, [x, [[x, y], y]]] 

+ did2d:idi [y, [y, [[y, y], x]]] - ^1^24^4 [y, [y, [[x, y], y]]] 

- \d^d2d^d^ [X, [[[X, y], X], X]] - \did2dsdi [X, [[[X, y], X], y]] 

+ \d^d2d^d^ [X, [[[X, y], y], X]] + idid 2 rf 3 rf 4 [^, [[[X, , r], y]] 

- \d^d2d^d^ [y, [[[X, y], X], X]] - ^did2d^di [y, [[[x, y], x], y]] 

+ \did2d^d^ [y, [[[X, y], y], x]] + ^d^d2d^d^ [y, [[[x, y], y], y]] 

+ \d^d2d^d^ [[X, y], [[X, y], X]] + idid 2 rf 3 rf 4 [[X, y], [[x, y], y]] 

- -^did 2 d^dA \\X, [[X, y], X]], X\ + -did 2 dsdi [[X, [[X, y], X]], y] 

- \d^d2d^d^ [[X, [[X, y], y]], X] + idid 2 rf 3 rf 4 [[X, [[X, y], y]], y] 

- \did2d^di [[y, [[X, y], X]], X] + iciici2(i3d4 [[1^, [[^, r], X]], y] 

- \d^d2d^dA [[y, [[X, y], y]], x] + ^d^d2d^d^ [[y, [[x, y], y]], y] 

- \d^d2d^dA [[[[X, y], X], X], X] + ^did2d^di [[[[X, y], X], X], y] 

+ \did2d^di [[[[X, y], X], y], X] - ^d^d2dsdi [[[[X, y], x], y], y] 

+ \did2d^di [[[[X, y], y], X], X] - ^d^d2dsdi [[[[X, y], y], x], y] 

- \did2d^dA [[[[X, y], y], y], X] + ^d^d2d^di [[[[x, y], y], y], y] 

on the other. Therefore we have the desired result. ■ 
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